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Abstract
Matrix population models are a common tool for evaluating different management strategies. In general, under deterministic analyses, management strategies are recommended that improve those matrix transitions that are most sensitive or elastic with respect to the asymptotic population growth rate, λ. These recommendations usually ignore the biological limit for these transitions. In this paper we use the endangered Serengeti cheetah (Acinonyx jubatus) as a case
study to illustrate that ignoring biological limits leads to a recommendation that will not always achieve the desired
goal of an asymptotic population growth rate, λ ≥ 1.
We estimate the survivorships of adult cheetahs in captivity using cheetah studbook data, which is a conservative estimate of the biological limit for the adult survivorship of wild cheetahs. Our analysis suggests that adult survival sharply decreases after 8.5 years. In addition, captive cheetahs older than 18 years do not reproduce. We modify a previously published population projection matrix to include the effect of senescence on survival and fecundity.
Our model suggests that increasing adult survivorship alone is not sufficient to reverse population decline. However,
an additional small increase in newborn survival is likely to result in a viable cheetah population. We show these conclusions hold even in the presence of relatively large parameter perturbations.
Keywords: population projection matrix, endangered species, population management, cheetah, senescence,
longevity

proach evaluates the effect of infinitesimal perturbations of
single parameters on λ; extrapolation to the effect of large
perturbations has been criticized because the response of
λmax to changing parameter values can be nonlinear (Mills
et al., 1999; Hodgson and Townley, 2004; Tenhumberg et
al., in press). Perturbation analysis is also used to decide
which stage or age group of a population should be manipulated to improve population viability the most (Ehrlén
and Van Groenendael, 1998; De Kroon et al., 2000). Sometimes management recommendations are made solely from

1. Introduction
Matrix projection models are a powerful tool for population management (e.g. Caswell, 2001; Morris and Doak,
2002; Hansen, 2007). In particular, the predicted long term
population growth rate, λmax, is an important indicator of
population viability, since if λmax < 1 the population decreases and eventually goes extinct. Elasticity and sensitivity analyses are the prevailing perturbation analysis;
see the special feature in Ecology, Vol. 81 (3), 2000. This ap517
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the sensitivity and elasticity analysis without evaluating
whether the particular management action is sufficient to
achieve the management goal (Crowder et al., 1994; Doak
et al., 1994; Ratsirarson et al., 1996; Crooks et al., 1998). For
example, biological limits may constrain how much life
history parameters can be manipulated (Caswell, 2001).
Using the endangered cheetah (Acinonyx jubatus) as a case
study we illustrate that ignoring biological limits can result in management recommendations that are unlikely to
achieve the management goal, which in this case is population stasis or population increase (λmax > 1).
Crooks et al. (1998) constructed a population matrix
model on Serengeti cheetahs. Their model predicts an annual population decline of 8.7%. The long-term population
growth rate is most sensitive to adult survivorship, suggesting that wildlife managers should aim to increase adult
survival. We expand the model to include the effects of senescence on survival and fecundity, which we document
for captive cheetahs. We define senescence as the reduction in the rate of survival with age (Comfort, 1979; Bell,
1984; Promislow, 1991). Our model suggests that increasing adult survival alone is not sufficient to save the cheetahs, even if cheetahs live as long in the wild as in captivity. Laurenson’s (1995) study suggested predation on
cheetah cubs as the major factor in the survival of the cheetah while Kelly and Durant’s (2000) population viability analysis showed extinction risk was highly sensitive to
both adult and cub survival. Our study focuses on testing
the effect of increasing adult and cub survivorships within
biological limits, both individually and corporately, on the
asymptotic growth rate. We use robust control methods
(Hodgson and Townley, 2004; Hodgson et al., 2006; Deines
et al., 2007) to evaluate the extent to which these particular
life history parameters need to change in order to reach our
management goal (λmax > 1).
1.1. Natural history the cheetah (Acinonyx jubatus)
In 1900, the cheetah (A. jubatus) roamed over much of Africa, Asia, and the Middle East with a total population estimated at 100,000 (Marker-Kraus et al., 1996). Now barely 100
years later, there are only 12,000–15,000 animals left worldwide; most reside in southern Africa (Marker-Kraus et al.,
1996; Marker-Kraus, 1997; Marker-Kraus and Kraus, 1997).
The largest concentration of cheetahs resides in Namibia,
with an estimated population of 2500 felines (Marker-Kraus
et al., 1996; Marker-Kraus, 1997; Marker-Kraus and Kraus,
1997). The majority of the cheetahs in Namibia live outside
protected areas and as a result, their demise is linked to the
loss of habitat by encroaching farms, poaching, and the reduced number of prey (Marker-Kraus, 1997; Marker-Kraus
and Kraus, 1997; Marker et al., 2003a, 2003b). Approximately
400 cheetahs reside in the Serengeti ecosystem of Tanzania
(Gros, 2002). Much of this area is a protected national park,
yet the population fails to thrive due to the high cub mortality caused by predation by lions and hyenas (Eaton, 1974;
Laurenson et al., 1992; Caro, 1994; Kelly et al., 1998; Kelly
and Durant, 2000). Ninety-two percent of the newborn cheetahs die during the first six months of life, but once they can
outrun predators (older than 5 months) their survival in-
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creases 10 times (Crooks et al., 1998; see also Caro, 1994). Juveniles stay with their mother for up to 18 months (Eaton,
1974; Caro, 1994; Kelly et al., 1998). A female reaches sexual maturity at approximately 24 months, and after a gestation period of about 3 months she will give birth to one
to six cubs (Eaton, 1974; Caro, 1994; Kelly et al., 1998; Kelly
and Durant, 2000; Marker et al., 2003b). Caro (1994) considers a 23–42 month old adult cheetah to be a young adult and
those older than 42 months to just be adults. If a wild female
Serengeti cheetah reaches adulthood (24 months), its average life span is 6.2 years (Kelly et al., 1998).
2. Methods
In this paper we extend the population projection matrix
(PPM) model by Crooks et al. (1998) (see Table 1) to incorporate cheetah senescence. We maintain the original 6 month
age classes as an aid to help compare models which include
senescence with those that do not. The new model (see Table 2) increases the number of age classes from 8 to 36; the
last age class includes cheetahs that are 210–216 month old
(18 years). Since cheetahs older than 18 years have zero fecundity, they are considered “biologically dead” and are
not a factor in the cheetah’s population growth, hence they
are ignored in the model (Caswell, 2001). We then identify
strategies that produce a growing population (λ > 1) and
are robust to parameter uncertainty. First, we estimate the
biological limit of adult survival. Then, within the biological meaningful range of survival scenarios, we identify the
magnitude of disturbances permissible to reach our management goal; if the permissible perturbations are large we call
the management strategy “robust”.
2.1. Estimating maximum adult survival
We analyze survival data available in the 2002, 2003, and
2004 International Cheetah Studbooks (Marker, 2004; Marker,
2006a; Marker, 2006b). Because the model by Crooks et al.
(1998) ignores males, we only estimate female survival.
Sometimes cheetah deaths are not reported and as a result
the records suggest that some of these cheetahs are older
than 30 years; even though in captivity cheetahs rarely live
Table 1. Population projection matrix (PPM) for wild cheetahs (Crooks et al., 1998)
Age classes (months)
0–6
0
s0
0
0
0
0
0
0

6–12

12–18

18–24

24–30

30–36

36–42

42+

0
0
s1
0
0
0
0
0

0
0
0
s1
0
0
0
0

0
0
0
0
s2
0
0
0

s2f1
0
0
0
0
s2
0
0

s2f1
0
0
0
0
0
s2
0

s2f1
0
0
0
0
0
0
s2

s3f2
0
0
0
0
0
0
s3

Values used in PPM: s0 = 0.081, survival of 0–6 month age class;
s1 = 0.771, survival of 6–12 and 12–18 month age classes; s2 = 0.920, survival of 18–24, 24–30, 30–36 and 36–42 month age classes; s3 = 0.879, survival of 42+ month age class; f1 = 1.2476, fecundity of 24–30, 30–36, and
36–42 month age classes; f2 = 1.4994, fecundity of 42+ month age class.
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Table 2. Population projection matrix (PPM) for wild cheetahs incorporating senescence
Age classes (months)				
0–6

6–12

12–18

18–24

24–30

30–36

36–42

42–48

…

0
s0
0
0
0
0
0
0
0
…
0
0
…
0
0
…
0

0
0
s1
0
0
0
0
0
0
…
0
0
…
0
0
…
0

0
0
0
s1
0
0
0
0
0
…
0
0
…
0
0
…
0

0
0
0
0
s*2
0
0
0
0
…
0
0
…
0
0
…
0

s*2f1
0
0
0
0
s*2
0
0
0
…
0
0
…
0
0
…
0

s*2f1
0
0
0
0
0
s*2
0
0
…
0
0
…
0
0
…
0

s*2f1
0
0
0
0
0
0
s*2
0
…
0
0
…
0
0
…
0

s*3f2
0
0
0
0
0
0
0
s*3
…
0
0
…
0
0
…
0

…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…

96–102 102–108
s*3f2
0
0
0
0
0
0
0
0
…
s*3
0
…
0
0
…
0

s*4f2
0
0
0
0
0
0
0
0
…
0
s*4
…
0
0
…
0

…

138–144

144–150

…

204–210

210–216

…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…

s*4f2
0
0
0
0
0
0
0
0
…
0
0
…
s*4
0
…
0

s*4f2
0
0
0
0
0
0
0
0
…
0
0
…
0
s*4
…
0

…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…
…

s*4f3
0
0
0
0
0
0
0
0
…
0
0
…
0
0
…
s*4

0
0
0
0
0
0
0
0
0
…
0
0
…
0
0
…
0

Values used in PPM: s0 = 0.081, survival of 0–6 month age class; s1 = 0.771, survival of 6–12 and 12–18 month age classes; s*2 = 0.9685, survival of
18–24, …, 36–42 month age classes; s*3 = 0.9567, survival of 42–48, …, 96–102 month age classes; s*4 = 0.8980, survival of 102+ month age classes;
f1 = 1.2476, fecundity of 24–30, 30–36, and 36–42 month age classes; f2 = 1.4994, fecundity of 42–144 month age classes; f3 = 1.4994, fecundity of 144–
150, … , 210–216 month age classes.

past 21 years of age (Marker-Kraus, 1997). Also, since the
inclusion of live cheetahs did not change the survivorship
estimation significantly, in the survival analysis we exclude those cheetahs that are still alive and those considered “lost” or “assumed dead” by the stud keeper. This left
N = 1955 cheetahs for our analysis. Figure 1 shows the Kaplan–Meier estimates of cheetah survival (Cox and Oakes,
1984). Analogous to Crooks et al. (1998) model, we use 6
month time intervals and calculate survivorships for 0–6
month old (s*0), 6–18 months old (s*1), and 18–42 months
old cheetahs (s*2). To account for senescence (Figure 1) we
split the survival of the 42+ month old cheetahs of Crooks
et al. (1998) model into 42–102 months old (s*3) and >102
months old (s*4). For cheetahs older than 156 months we
use the same survivorship as for cheetahs aged 102–156
months, even though this is an overestimation. We calculate the average survival per time step as follows:
s*i =

(

ℓ(t + Δt)
ℓ(t)

)

1/n

where ℓ is the Kaplan–Meier estimate, t and (t + Δt) are
the start and end of s*i, respectively, and n is the number
of time steps in Δt (Caswell, 2001). Using the estimates for
survivorship listed in Table 3, our model predicts that once
a cheetah survives to adulthood, there is a 50% chance that
she will survive past 9–9½ years (108–114 months).
2.2. Estimating fecundity
The model by Crooks et al. (1998) assumes the same fecundity, f2, for all 42+ months old cheetahs. This is particularly problematic because in the wild, cheetahs do not reproduce after 12 years of age (Nowell and Jackson, 1996;
Kelly and Durant, 2000; Marker et al., 2003b) and even in
captivity, cheetahs rarely, if at all, reproduce after they turn

18 years (216 months) (see Marker-Kraus, 1997; Marker,
2000, 2004, 2006a, 2006b). In captivity, a cheetah’s prime
reproductive period is between 3 and 10 years of age
(Marker, 2000, 2004, 2006a, 2006b), but in general cheetah
fecundity in captivity is lower than in the wild (Nowell
and Jackson, 1996; also compare Marker (2000, 2004, 2006a,
2006b) with Kelly and Durant (2000). This is in agreement
with other captive carnivorous animals (Laike, 1999; Clubb
and Mason, 2007). Because we do not have data to estimate
the effect of senescence on the fecundity of wild cheetahs,
we consider two different cases. In both cases, we assume
fecundity of the 18–42 month old cheetahs (f1 = 1.2476) and
the 42–144 month old cheetahs (f2 = 1.4994) is that given
in Crooks et al. (1998). Defining f3 to be the fecundity of
the 144–216 month old cheetahs, we first set f3 equal to f2
(f3 = 1.4994), which ignores a reduction in fecundity due to
senescence, and as a consequence, our model’s predictions
will overestimate population growth rate (Table 2). Second,
we assume that adult cheetahs stop reproducing at the age
of 12 years as is observed in wild cheetahs, (f3 = 0), in which
case we can remove these age classes from the model. In
both cases, we assume the fecundity of cheetahs older than
216 months (18 years) is zero.
2.3. Perturbation analysis
In this analysis we examine the response of the asymptotic population growth, λmax, to large simultaneous deviations from the parameter values used in the model by
Crooks et al. (1998); in particular we wish to explore if it is
theoretically possible to achieve our management goal (in
this paper λmax > 1) by perturbing parameter values to their
biological limits. First we set the fecundities and survivorships of the 102–216 month old cheetahs to their biological
limit (f2 = f2 = 1.4994, s*4, Table 2). We then identify the survivorship combinations of younger adult cheetahs (s*2, s*3)
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Figure 1. Survival data from captive female cheetahs shows the
cumulative survivorship of female cheetahs with known age of
death. The solid curve is the Kaplan–Meier curve using monthly
time steps. The heavy dashed curve shows the cumulative female
adult survivorship with all 42+ month old cheetahs lumped into
one age class with the survivorship of 42–102 month cheetahs
(s*3). The heavy dotted curve divides the 42+ month old cheetahs
into two age classes: 42–102 months (s*3) and 102+ months (s*4)
with the 102+ month age class having the survivorship of 102–
162 month cheetahs. The 95% confidence intervals for the Kaplan–
Meier curve are very tight and thus are omitted for clarity.

that yield a growth rate of λ = 1. Let A be the 36 × 36 population projection matrix model shown in Table 2 with
Crooks et al. (1998) values for the survivorships of the 0–6
month cubs (s0) and the 6–18 month old cheetahs (s1). Let
P denote the 36 by 36 matrix containing the deviations
from the nominal values given in A; all matrix entries of
P that are not affected by the particular perturbation are
zero. Since we are perturbing s*2 and s*3, we let p2 denote
changes in s*2, and we let p3 denote changes in s*3. Thus
the first row of the matrix P has p2f1 in columns 5 through 7
and p3f2 in columns 8 through 17 where f1 and f2 are the fecundities of the 18–42 month old and the 42–216 month old
cheetahs. The subdiagonal of P has p2 in columns 4 through
7 and p3 in columns 8 through 17. We call A + P the perturbed matrix. For example, to examine the effect of changing both s*2, s*3to that given in Crooks et al. (1998) we set
p2 = −.0485 and p3 = −.0468 in the above P. This gives s*2 +
p2 = s2 and s*3 + p3 = s3.
The asymptotic population growth rate of the perturbed
matrix A + P is the largest eigenvalue, λ, of A + P (Caswell,
2001). The eigenvalues of our reducible 36 × 36 matrix are
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the same as the eigenvalues of the primitive 35 × 35 submatrix plus the eigenvalue equal to 0 (O’Nan, 1976: p. 71).
Since λ depends upon the choice of parameters p2 and p3,
we denote it by λ(p2, p3). Our goal is to determine which
(p2, p3) yield λ(p2, p3)   ≥ 1. The curve λ(p2, p3) = 1 in the
(p2, p3) plane can be found by solving the equation det(I−
(A + P)) = 0 where I is the identity matrix of appropriate
size. Deines et al. (2007) proved the λ(p2, p3) = 1 curve divides the (p2, p3) plane into increasing (λ(p2, p3) > 1) and decreasing (λ(p2, p3) < 1) populations. The general results in
Boeckner et al. (in preparation) can be applied to show that
if λ(p2, p3) = 1, then λ(p2, p3) = 1 is the largest eigenvalue.
Methods for solving the equation det(I−(A + P)) = 0 are further outlined in Hodgson and Townley (2004) and Hodgson et al. (2006) and in Deines et al. (2007). Because cub survival in the wild is extremely low and can theoretically be
increased to a large extent we also consider the perturbations in three parameter values: s0, s*2, and s*3.
3. Results
In this paper we used captive cheetahs as a conservative
estimate of the biological limit of adult survival. Figure 1 illustrates that the survival of captive cheetahs dropped after
8.5 years and that a model ignoring this largely overestimates cheetah survival (heavy dashed line). Thus, predicting the effect of fundamentally increasing adult survival
requires a model that includes a senescent age class (modified model Table 2, and heavy dotted line in Figure 1). Assuming that the survival of an adult cheetah in the wild
can be raised to that in captivity corresponds to an average
life expectancy of 9–9½ years for those cheetahs that reach
adulthood. This is four years more than in the model by
Crooks et al. (1998) and three years longer than calculated
by Kelly et al. (1998). Still, this increase in adult survival
is not sufficient to produce a growing population; the projected population growth rate, λ, is 0.998, indicating that
each 6 month interval the cheetah population decreases by
0.2% (Table 2).
Next we perturbed the survival of 18–42 months old (s2)
and 42–102 months old cheetahs (s3) (Figure 2). Only if both
survival parameters increase to that of captive cheetahs,
and cheetah fecundity is not affected by senescence (e.g.
fecundity of 12–18 year old females does not differ from 4
year old ones) the projected population growth rate is close
to achieving population stasis as shown by the short distance to λ = 1 curve. In a more realistic scenario, where females older than 12 years of age are assumed to be infertile,
the distance to the λ = 1 curve is rather large. Hence within

Table 3. Survivorship of captive and wild female cheetahs (see Figure 1)
Age classes in months		
0–6
6–12, 12–18
18–24, 24–30, 30–36, and 36–42
42+
42–48, 48–56, …96–102
102+
a

With 95% confidence intervals.

Survivorship captivitya

Survivorship Crooks et al. (1998)		

Small cubs
s*0 = 0.8087 ± 0.0174
s0 = 0.081		
Medium and weaned cubs
s*1 = 0.9434 ± 0.082
s1 = 0.771		
Young adults
s*2 = 0.9685 ± 0.047
s2 = 0.920		
Adults		
s3 = 0.879		
Adults
s*3 = 0.9567 ± 0.0041			
Old adults
s*4 = 0.8980 ± 0.0091			
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Figure 2. Perturbed survivorships of 18–42 month old adults and
42–102 month old adults where the 102+ month old adult survivorships have been set to the biological limit (s*4 = 0.898). The
solid curves denotes λ = 1 for two different fecundities of the 144–
216 month old cheetahs: f3 = 1.4994 and f3 = 0. Points above each
of these curves produce positive growth; points below the curve
produce negative growth. The horizontal line denotes the biological limit for the survivorship of 42–102 months old adults (s*3 =
0.9567) and the vertical line denotes the biological limit for the survivorship of 18–42 months old adults (s*2 = 0.9685). Point A marks
the original, unperturbed survivorships (s2 = 0.92, s3 = 0.879,
λ = 0.9553) reported by Crooks et al. (1998).

Figure 4. Contour graph of the perturbed survivorships of the 18–
42 month old adult, 42–102 month old adult and 0–6 month cubs.
The contours are labeled by the 0–6 month cub survivorship and
describe the 18–42 month and 42–102 month survivorships necessary to achieve stasis (λ = 1). The heavy contour denotes calculated 0–6 month cub survivorship (s0 = 0.081). The horizontal line
denotes the biological limit for the adult survivorship of 42–102
month cheetahs (s*3 = 0.9567). The vertical line denotes the biological limit in the 18–42 month old cheetahs (s*2 = 0.9685). Point
A marks the original, unperturbed young and old adult survivorships as recorded by Crooks et al. (1998) (s2 = .92, s3 = .879,
λ = 0.9553). In this case, the 0–6 month cub survivorship must increase to 0.155 in order to obtain λ = 1.

the biological meaningful parameter range it is highly unlikely to produce population stasis (λmax = 1) by increasing
adult survival alone (Figure 2). It is only possible to achieve
a growing population by increasing adult survival to its biological limit if the fecundity of younger adults is underestimated by Crooks et al. (1998) (Figure 3).

Finally we explored the effect of increasing newborn
survival (Figure 4), which is highly impacted by predators
(Caro, 1994; Laurenson, 1995). Our model suggests that increasing newborn survival from 0.081 to only 0.155, which
is far below cub survival in captivity (= 0.81, Table 3), produces population stasis. The improvement in cub survival
required to achieve population stasis decreases with increasing survival of older age classes.

4. Discussion

Figure 3. Necessary fecundities required to achieve λ = 1 with all
adult survivorships at their biological limits. The top curve sets
the fecundity of 144–216 month old to be zero (f3 = 0). The bottom curve sets the fecundities of the 144–216 month olds to be the
same as the 42–102 month old adults (f3 = 1.4994). Point C shows
the fecundities as calculated by Crooks et al. (1998).

Our results reveal that senescence plays an important
role in the longevity of the captive adult cheetah. In the
wild, the evidence for senescence is ambiguous (Promislow, 1991; Gaillard et al., 1994; Slade, 1995) due to many
reasons, including the fact that wild animals are subjected
to predation, injuries, and random environmental factors
and hence rarely live to old age (Medawar, 1952; Comfort,
1979). Furthermore there is a lack of long-term monitoring
which also contributes to the inability to quantify senescence (Gaillard et al., 1994; Nichols et al., 1997; Loison et
al., 1999). Thus population projection matrices for wild animals rarely incorporate senescence into the model. In captivity, senescence is exhibited by increased mortality and
decreased fecundity of older animals, which cannot be explained by random effects (Comfort, 1979). Since the survival of adult Serengeti cheetahs is already very close to
the biological limit, predicting the effect of increasing adult
survivorship even further requires a model which takes senescence into consideration—to do otherwise will vastly
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overestimate adult survivorship and in turn, result in an
overestimation of the population growth rate.
In this paper we calculated the survivorships of the
adult captive cheetah and used these to approximate the
biological limit for the wild cheetah. Using captive reared
animals to estimate biological limits assumes that hunting success of adult cheetahs (food availability) is independent of age and that diseases successfully treated in captivity have negligible survival consequences for wild animals.
Since captive cheetahs have been known to live more than
15 years (Marker-Kraus, 1997; Marker, 2004; Marker, 2006a;
Marker, 2006b), husbandry methods are not a restricting
factor when determining the biological limit. We also assume that cheetahs older than 18 years were infertile. Using this model, we find that even increasing the survivorships of the wild adult cheetah to the biological limit does
not result in an asymptotic growing population. Since it is
highly unlikely the survivorship of the wild cheetah can
reach and be sustained at these biological limits, a management strategy which only strives to increase adult survivorship will not result in a growing population.
Our perturbation analysis of the model evaluated the
effect of increasing the adult survivorship alone and then
also in conjunction with increasing the 0–6 month cub survivorship. Since there is uncertainty in all parameter estimates where some of these uncertainties maybe large, it is
important to consider management options which will succeed in light of this uncertainty. Since we are interested in
the effect of changing two (or three) parameters (or the effect of the uncertainty in these values), we use robustness
methods as described in Hodgson and Townley (2004) and
Hodgson et al. (2006), and Deines et al. (2007). We calculate
the curve λ = 1; the distance from model prediction to this
curve is a measure of robustness (the larger the distance,
the larger the robustness).
This perturbation analysis suggests that within the biological reasonable parameter space it is highly unlikely
to produce a growing population by increasing adult survival alone. In contrast, increasing newborn survival to a
fraction of its biological limit can achieve our management
goal. The latter management strategy is robust to parameter uncertainty. The survivorship of Serengeti cubs is currently an order of magnitude smaller than both the biological limit and that of Namibian wild cubs where predation
on cubs is not an issue (Marker et al., 2003b). In the Serengeti, cheetah predators are protected from culling, therefore it will be challenging to find effective management
strategies ensuring better newborn survival. In addition,
it is necessary to account for the relative costs of altering
different parameters (Baxter et al., 2006). However this paper clearly demonstrates that such strategies could dramatically improve the future prospects of Serengeti cheetah
populations.
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